Gottesman-Kitaev-Preskill bosonic error
correcting codes: a lattice perspective

arXiv:2109.14645

Jonathan Conrad, Jens Eisert, Francesco Arzani

Alexander von Humboldt
Stiftung/Foundation

. . e SLG
Freie Universitat 8 e
@ S


https://arxiv.org/abs/2109.14645

(Quantum) Error correction and harmonic oscillators

0 ’
= 3
\‘/

Information always encoded in phys. syst.
> Always subject to noise



(Quantum) Error correction and harmonic oscillators

' ’
= 45
:)

Information always encoded in phys. syst.
> Always subject to noise

Error correction: redundancy



(Quantum) Error correction and harmonic oscillators

i mﬁ’ ' 5
\‘/
%3;5 e

Information always encoded in phys. syst.
> Always subject to noise

Error correction: redundancy



(Quantum) Error correction and harmonic oscillators

X mﬁ” : 3
~‘/
%ﬁ e

Information always encoded in phys. syst.
> Always subject to noise

Error correction: redundancy

Quantum: mostly qubits ¢ |0) + 3 [1)



(Quantum) Error correction and harmonic oscillators

L mﬁ” ' 5
\‘/
%3;5 e

Information always encoded in phys. syst.
> Always subject to noise

Error correction: redundancy

Quantum: mostly qubits ¢ |0) + 3 [1)
Bosonic codes: oscillators

EM field mode, LC circulit, ...



(Quantum) Error correction and harmonic oscillators

e mﬁ” : 3
~‘/
%ﬁ e

Information always encoded in phys. syst.
> Always subject to noise

Error correction: redundancy

Quantum: mostly qubits ¢ |0) + 3 [1)
Bosonic codes: oscillators

N T
E=(q1,--qnsP1s -+ Pn)

ey 7 0 I
EM field mode, LC circuit, ... =TI 0




(Quantum) Error correction and harmonic oscillators

Phase space:

% 3 W,(q,p) = <27T)_2n/dny (2= 3]pla+3)em
yoa
o D & 9

Information always encoded in phys. syst.
> Always subject to noise

Error correction: redundancy

Quantum: mostly qubits ¢ |0) + 3 [1)
Bosonic codes: oscillators

N T
E=(q1,--qnsP1s -+ Pn)

ey 7 0 I
EM field mode, LC circuit, ... =TI 0




(Quantum) Error correction and harmonic oscillators

Phase space:

% 3 W,(q,p) = <27T)_2n/dny (2= 3]pla+3)em
yoa
o D & 9

p p p
Information always encoded in phys. syst. ! ! i
|::>Always subject to noise Displacements:
Error correction: redundancy DY (&)&D(€) = & + V2n€

p

Quantum: mostly qubits ¢ |0) + 3 [1) /
/

Bosonic codes: oscillators

0,
2k
1k
LI
L L I L x
a4 2 4

T

','%:(Qlw"aqnapl)"')pn) \
q
q

[jjjvj\jk] . iij

7 0 I
EM field mode, LC circuit, ... ~\ =T O



(Quantum) Error correction and harmonic oscillators

Phase space:

% 3 W,(q,p) = <27T)_2n/dny (2= 3]pla+3)em
yoa
o D & 9

p p p
Information always encoded in phys. syst. ! ! i
|::>Always subject to noise Displacements:
Error correction: redundancy DY (&)&D(€) = & + V2n€
p

Bosonic codes: oscillators

Quantum: mostly qubits ¢ |0) + 3 [1) /
T /

0,
2k
1k
LI
L L I L x
a4 2 4

EM field mode, LC circulit, ...

','%:(Qlw"aqnapl)"')pn) \
q
q

Z5, Tp] = 15
0 I D(&)D(n) = =27 I () D(¢)
=( 5 5)



Encoding qubits on a lattice

“Logical subspace”: finite photon number, odd/even photon number, or...translation symmetries!

11



Encoding qubits on a lattice

“Logical subspace”: finite photon number, odd/even photon number, or...translation symmetries!
Grid codes: stabilized by (commuting) displacement operators — underlying lattice D

Gottesman, Kitaev, Preskill PRA 64 (2001)

D(¢)

L/
\q

12



Encoding qubits on a lattice

“Logical subspace”: finite photon number, odd/even photon number, or...translation symmetries!
Grid codes: stabilized by (commuting) displacement operators — underlying lattice D

Gottesman, Kitaev, Preskill PRA 64 (2001)
S= D). D) Deme DE) = 10) Ty
5?!]51{; €L \
q

13



Encoding qubits on a lattice

“Logical subspace”: finite photon number, odd/even photon number, or...translation symmetries!
Grid codes: stabilized by (commuting) displacement operators — underlying lattice D

Gottesman, Kitaev, Preskill PRA 64 (2001)

S=(D(&),...,D (&) =code: D (€;) [1b) = [1) \ D (€)
£ JELEL /\‘q

- Lattice of translations [: gl
- Logical operations: dual [:

14



Encoding qubits on a lattice

“Logical subspace”: finite photon number, odd/even photon number, or...translation symmetries!
Grid codes: stabilized by (commuting) displacement operators — underlying lattice D

Gottesman, Kitaev, Preskill PRA 64 (2001)

S=(D(&),...,D (&) =code: D (€;) [1b) = [1) \ D (€)
£ JELEL /\‘q

- Lattice of translations [: gl
- Logical operations: dual [:




Encoding qubits on a lattice

“Logical subspace”: finite photon number, odd/even photon number, or...translation symmetries!
Grid codes: stabilized by (commuting) displacement operators — underlying lattice D

Gottesman, Kitaev, Preskill PRA 64 (2001)

S=(D(&),...,D (&) =code: D (€;) [1b) = [1) _ D (€)
£ JELEL /\‘q

- Lattice of translations [: gl
- Logical operations: dual L:




Encoding qubits on a lattice

“Logical subspace”: finite photon number, odd/even photon number, or...translation symmetries!
Grid codes: stabilized by (commuting) displacement operators — underlying lattice D

Gottesman, Kitaev, Preskill PRA 64 (2001)

S=(D(&),...,D (&) =code: D (€;) [1b) = [1) _ D (€)
£ JELEL /\‘q

- Lattice of translations [: gl
- Logical operations: dual L:




Encoding qubits on a lattice

“Logical subspace”: finite photon number, odd/even photon number, or...translation symmetries!
Grid codes: stabilized by (commuting) displacement operators — underlying lattice D

Gottesman, Kitaev, Preskill PRA 64 (2001)
5?!]51{; € L \
q

- Lattice of translations [:

. . EJ_
— Logical operations: dual




Encoding qubits on a lattice

“Logical subspace”: finite photon number, odd/even photon number, or...translation symmetries!
Grid codes: stabilized by (commuting) displacement operators — underlying lattice D

Gottesman, Kitaev, Preskill PRA 64 (2001)

S=(D(&),...,D(£,)) =ycowe D (&;) [¢) = 1)) _
€T JE, € 7 ~__
q

- Lattice of translations [: gl
- Logical operations: dual L:




Encoding qubits on a lattice

“Logical subspace”: finite photon number, odd/even photon number, or...translation symmetries!
Grid codes: stabilized by (commuting) displacement operators — underlying lattice D

Gottesman, Kitaev, Preskill PRA 64 (2001)

S=(D(&),...,D(£,)) =ycowe D (&;) [¢) = 1)) _
€T JE, € 7 ~__
q

- Lattice of translations [: gl
- Logical operations: dual L:

e Good against common noise p ! ! E
Albert et al, PRA 97 (2018)




Encoding qubits on a lattice

“Logical subspace”: finite photon number, odd/even photon number, or...translation symmetries!
Grid codes: stabilized by (commuting) displacement operators — underlying lattice D

Gottesman, Kitaev, Preskill PRA 64 (2001)

S=(D(&),...,D(£,)) =ycowe D (&;) [¢) = 1)) _
€T JE, € 7 ~__
q

- Lattice of translations [: gl
- Logical operations: dual L:

e Good against common noise p ; ! ; E
Albert et al, PRA 97 (2018) : :

e | ogical Clifford = Gaussian operations ISP SN I S o




Encoding qubits on a lattice

“Logical subspace”: finite photon number, odd/even photon number, or...translation symmetries!
Grid codes: stabilized by (commuting) displacement operators — underlying lattice D

Gottesman, Kitaev, Preskill PRA 64 (2001)

S=(D(&),...,D(£,)) =ycowe D (&;) [¢) = 1)) _
€T JE, € 7 ~__
q

- Lattice of translations [: gl
- Logical operations: dual L:

e Good against common noise p ; ! ; E
Albert et al, PRA 97 (2018) : :

e | ogical Clifford = Gaussian operations ISP SN I S o

e Can be effective qubits, combined with qubit codes
Vuillot et al, PRA 99 (2019) Noh&Chamberland PRA 101 (2020) Bourassa et al, Quantum 5 (2021)




Encoding qubits on a lattice

“Logical subspace”: finite photon number, odd/even photon number, or...translation symmetries!
Grid codes: stabilized by (commuting) displacement operators — underlying lattice D

Gottesman, Kitaev, Preskill PRA 64 (2001)

S=(D(&),...,D(£,)) =ycowe D (&;) [¢) = 1)) _
€T JE, € 7 ~__
q

- Lattice of translations [: gl
- Logical operations: dual L:

e Good against common noise p ; ! ; E
Albert et al, PRA 97 (2018) : :

e | ogical Clifford = Gaussian operations ISP SN I S o

e Can be effective qubits, combined with qubit codes
Vuillot et al, PRA 99 (2019) Noh&Chamberland PRA 101 (2020) Bourassa et al, Quantum 5 (2021)

e Can protect CV systems Lo
Noh et al, PRL 125 (2020)




Encoding qubits on a lattice

“Logical subspace”: finite photon number, odd/even photon number, or...translation symmetries!
Grid codes: stabilized by (commuting) displacement operators — underlying lattice D

Gottesman, Kitaev, Preskill PRA 64 (2001)

S=(D(&),...,D(£,)) =ycowe D (&;) [¢) = 1)) _
€T JE, € 7 ~__
q

- Lattice of translations [: gl
- Logical operations: dual L:

e Good against common noise p ; ! ; E
Albert et al, PRA 97 (2018) : :

e | ogical Clifford = Gaussian operations ISP SN I S o

e Can be effective qubits, combined with qubit codes
Vuillot et al, PRA 99 (2019) Noh&Chamberland PRA 101 (2020) Bourassa et al, Quantum 5 (2021)

e Can protect CV systems Lo
Noh et al, PRL 125 (2020)

e [ogical states experimentally accessible
Fliihmann et al, Nature 566 (2019) Campagne-Ilbarcq et al, Nature 584 (2020) 2\/% 4\/E




The lattice point of view

25



The lattice point of view

For exponential noise suppression: more oscillators

26



The lattice point of view

For exponential noise suppression: more oscillators

Up to now: concatenation — regard as effective qubits, add qubit-level code

27



The lattice point of view

For exponential noise suppression: more oscillators

Up to now: concatenation — regard as effective qubits, add qubit-level code
- “lattice picture” only for individual oscillators,
not for whole code

28



The lattice point of view

For exponential noise suppression: more oscillators

Up to now: concatenation — regard as effective qubits, add qubit-level code
- “lattice picture” only for individual oscillators,
not for whole code

Q: Can lattice properties be exploited more?

29



The lattice point of view

For exponential noise suppression: more oscillators

Up to now: concatenation — regard as effective qubits, add qubit-level code
- “lattice picture” only for individual oscillators,
not for whole code

Q: Can lattice properties be exploited more?

upshot:
lattices are very well studied!

Good lattice intros:

J. Conway and N. Sloane.
Sphere packings, lattices and groups, volume 290. 1988

D. Micciancio.
Cse 206a: Lattice algorithms and applications, 2014

30



The lattice point of view

For exponential noise suppression: more oscillators

Up to now: concatenation — regard as effective qubits, add qubit-level code
- “lattice picture” only for individual oscillators,

not for whole code

Q: Can lattice properties be exploited more?

upshot:
lattices are very well studied!

...but not so much for GKP!

Gottesman, Kitaev, Preskill PRA 64 (2001)
Harrington, Preskill PRA 64 (2001)
Hé&nggli, Heinze, Kbnig, PRA 102 (2020)
Hé&nggli, Kbnig, arXiv:2102.05545 (2021)

Good lattice intros:
J. Conway and N. Sloane.
Sphere packings, lattices and groups, volume 290. 1988

D. Micciancio.
Cse 206a: Lattice algorithms and applications, 2014

31



The lattice point of view

For exponential noise suppression: more oscillators

Up to now: concatenation — regard as effective qubits, add qubit-level code
- “lattice picture” only for individual oscillators,

not for whole code

Q: Can lattice properties be exploited more?

upshot:
lattices are very well studied!

...but not so much for GKP!

Gottesman, Kitaev, Preskill PRA 64 (2001)
Harrington, Preskill PRA 64 (2001)
Hé&nggli, Heinze, Kbnig, PRA 102 (2020)
Hé&nggli, Kbnig, arXiv:2102.05545 (2021)

Good lattice intros:
J. Conway and N. Sloane.
Sphere packings, lattices and groups, volume 290. 1988

D. Micciancio.
Cse 206a: Lattice algorithms and applications, 2014

/

o0k owWhE

Outline \

Lattice formalism

Code properties from lattice bases
Symplectic operations

Distance bounds for GKP codes
Decoding problem and © functions

GKP codes beyond concatenation /
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define Z =L, @D~ 2, M:=2ZM, N:=ZN
then MJMT — NJNT = J then symplectic M. are a group M — NRT

then scale back. 64



Symplectic operations
Ug = exp (—i:;‘z‘:TH:i‘:) S ULSUs & M MST,  M* s M*ST
UsaUL = S& S eSp2n), SJST =1
Theorem (symplectically equivalent codes):

Given £(M),L(N), 35 | M = NS* iff MJM"' = NJN" (in canonical form)

Multi-mode generalization of Héanggli, Heinze, Kénig, PRA 102 (2020) Anp v = ( 0 D )

-\ =D 0
Corollary :

Any code with d = 2 is s.e. to S|(32) — <€i2‘/ﬁ1,€_i2ﬁﬁ1,6iﬁéj,eiﬁﬁj> , 3 >1
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UsaUL = S& S eSp2n), SJST =1

Theorem (symplectically equivalent codes):

Given £(M),L(N), 35 | M = NS* iff MJM"' = NJN" (in canonical form)

Multi-mode generalization of Héanggli, Heinze, Kénig, PRA 102 (2020) A - ( 0 D )
Corollary :

. . 2 . -~ _ . ~ . ~ . . -~ . .
Any code with d = 2 is s.e. to Sfj) = <€?'2‘/EQI,€ 2VTP1 iV ezﬁp3> , 7> 1

one qubit encoded in mode 1, no qubit on other modes
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UsaUL = S& S eSp2n), SJST =1

Theorem (symplectically equivalent codes):

Given £(M),L(N), 35 | M = NS* iff MJM"' = NJN" (in canonical form)
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Symplectic operations
Ug = exp (—z‘:i‘:TH:i‘:) S ULSUs & M MST,  M* s M*ST
UsaUL = S& S eSp2n), SJST =1
Theorem (symplectically equivalent codes):

Given £(M),L(N), 35 | M = NS* iff MJM"' = NJN" (in canonical form)

Multi-mode generalization of Hanggli, Heinze, Konig, PRA 102 (2020) e ( 0 D
! —-D 0

Corollary :

. . 2 . -~ _ . ~ . A’ . -~ . .
Any code with d = 2 is s.e. to SE) = <€%2ﬁm’€ ﬁﬁpl,e%ﬁqﬂ : ezﬁp9> , 7> 1
‘\one gubit encoded in mode 1, no qubit on other modes
0 1 .
Generalizes to higher logical dimensions Mo J M2 = ( 1 0 ) ® diag{dy,...,dn} 68

Example of inequivalent codes: 2 qubits in 2 modes can have D = diag (4,1) or D = diag(2,2)
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Hp: small shifts are more likely N (p) x /dznwe_o—zD(a:)pDT(a:)

Define:l A = A (L) := min ||z
O#xcLlL/L

For [n, k,d] qubit code concatenated with local GKP:  Aconc = \/&Aloc

Proof sketch:

n

Note Laxp C Leone € Lo . C Lawp Lokp = 69 Lioc,;
j=1
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Hp: small shifts are more likely N (p) x /dznwe_o—zD(a:)pDT(a:)

Define:l A = A (L) := min ||z
O#xcLlL/L

For [n, k,d] qubit code concatenated with local GKP:  Aconc = \/&Aloc

Proof sketch:

n
1 =
Note ‘CGKP g £COHC g 'CCOHC g EGKP EGKP . 69 EIOC,j
=1
Take minimal fJ_ < ,C(J:;)nc — fJ' < ,CéKp = @j‘ClJ{)c,j ’
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Hp: small shifts are more likely N (p) x /dznwe_o—zD(a:)pDT(a:)

Define:l A = A (L) := min ||z
O#xcLlL/L

For [n, k,d] qubit code concatenated with local GKP:  Aconc = \/&Aloc

Proof sketch:

n
1 =
Note ‘CGKP g £COHC g 'CCOHC g EGKP EGKP . 69 EIOC,j
=1
Take minimal fJ_ < ,C(J:;)nc — fJ' < ,CéKp = @j‘ClJ{)c,j ’
[>d

. 1 1
write S — Z a/jglocjj
71=1
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Hp: small shifts are more likely N (p) x /dznwe_o—zD(a:)pDT(a:)

Define:l A = A (L) := min ||z
O#xcLlL/L

For [n, k,d] qubit code concatenated with local GKP:  Aconc = \/&Aloc

Proof sketch:

n
1
Note ‘CGKP C £COHC g 'Cconc b £GKP EGKP - 69 £loc,j
q
Take minimal f < ,CCOHC — f < ‘CGKP = @J'Cloc ’
[>d
write SJ_ _— Z a; €1Jc_>c,j and note they are all orthogonal.
j=1

/8
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Hp: small shifts are more likely N (p) x /dznwe_o—zD(a:)pDT(w)

Define:l A = A (L) := min ||z
O#xcLlL/L

For [n, k,d] qubit code concatenated with local GKP:  Acone > \/&Aloc

From transference theorems we have the following Theorem (distance bound I):

For a code with lattice £: A > )4 (El) >\ (L) >C71 and A< Ay, ([,L) <

A (£)
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Hp: small shifts are more likely N (p) x /dznwe_o—zD(a:)pDT(w)

Define:l A = A (L) := min ||z
O#xcLlL/L

For [n, k,d] qubit code concatenated with local GKP:  Acone > \/&Aloc

From transference theorems we have the following Theorem (distance bound I):

C:m?XHfjH

For a code with lattice £ : A > )y (El) > /\2_,,,3 (L) > C~1 and A < )\g, (EL)

= 2n
~ M (L)
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Hp: small shifts are more likely N (p) x /dznwe_o—zD(a:)pDT(w)

Define:l A = A (L) := min ||z
O#xcLlL/L

C:m?XHfjH

For [n, k,d] qubit code concatenated with local GKP:  Acone > \/&Aloc

From transference theorems we have the following Theorem (distance bound I):

2
For a code with lattice £ : A > )y (El) > /\2_,,,3 (L) > C~1 and A < )\g, (EL) < X Z:)
1
with A; (£) = min{r | £ contains j Li. vectors with ||z|| <r} (successive minima)

R+
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Hp: small shifts are more likely N (p) x /dznwe_o—zD(a:)pDT(w)

Define:l A = A (L) := min ||z
O#xcLlL/L

C:m?XHfjH

For [n, k,d] qubit code concatenated with local GKP:  Acone > \/&Aloc

From transference theorems we have the following Theorem (distance bound I):

2
For a code with lattice £ : A > )y (El) > /\2_,,,3 (L) > C~1 and A < )\g, (EL) < X ZZ[/)
1
with A; (£) = min{r | £ contains j Li. vectors with ||z|| <r} (successive minima)

R+

From symplectic equivalence we have the following Theorem (distance bound Il):
For a code with lattice L(M)|M = MpS", MJM" = (9 &) it holds A < \/maXDj?j_lsq (S)
J
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Hp: small shifts are more likely N (p) x /dznwe_o—zD(a:)pDT(w)

Define:l A = A (L) := min ||z
O#xcLlL/L

C:m?XHfjH

For [n, k,d] qubit code concatenated with local GKP:  Acone > \/&Aloc

From transference theorems we have the following Theorem (distance bound I):

2
For a code with lattice £ : A > )y (El) > /\2_,,,3 (L) > C~1 and A < )\g, (EL) < X Z:)
1
with A; (£) = min{r | £ contains j Li. vectors with ||z|| <r} (successive minima)

R+

From symplectic equivalence we have the following Theorem (distance bound Il):
For a code with lattice L(M)|M = MpS", MJM" = (9 &) it holds A < \/maXDj?j_lsq (S)
J 4

Measure of “squeezing” 84
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Distance of GKP codes: © functions

Lattice © function: i
q — €

__ clax )
Oc(s) = ) a7 % = ) Naa D~ {|lal}, @ € £}

xc Ll 6oeD

consider QL(Z) . — @EJ_ (Z) — @g(Z) — NAQQAQ + ...

Theorem:
Distance of GKP code £(M) completely specified by distance distribution (D, Ny)

Corollary: (from the fact that concatenated codes ~ Construction A lattices)

Distance of qubit code completely specified by weight distribution {Ai}?z’o of stabs.

Derived from ECC conds. in P. Shor, R. Laflamme PRL 78 (1997) E. M. Rains, IEEE Trans. Inf. Th. 44 (1998)

The distance of a GKP code can be estimated through logarithmic fit for small g
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D (M) D (e)[p) = "™ +'“D (e) |v))

N o [ e # p@pni@) = LT = SNt 1
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© functions for Maximum Likelihood Decoding
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© functions for Maximum Likelihood Decoding

D (M) D (e) i) = e™7eD (e) |)

n(s) = (MJ) s returns to codespace...

N (p) x fdQ”we_llf—?”D(:c)pDT(a:‘) Or(z) = Z © = ZNaqé

xel

deD

s(e)=MJe mod 1

q = eiﬂ'z

96
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© functions for Maximum Likelihood Decoding

D (M;") D (e) ) = ™7 D (e) |4) s(e) = MJe mod 1

n(s) = (MJ)"'s returns to codespace... but have we applied logical operation?

Evaluate coset probabilities
P([n(s) +&7]|s ()Y Ps(n(s)+&+¢)

Ecl

N o [ e # p@pni@) = LT = SNt 1

98
xcl SED D = {||:[:H%, T € E}



© functions for Maximum Likelihood Decoding

D (M;") D (e) ) = ™7 D (e) |4) s(e) = MJe mod 1

n(s) = (MJ)"'s returns to codespace... but have we applied logical operation?

Evaluate coset probabilities
P([n(s) +&7]|s ()Y Ps(n(s)+&+¢)

Ecl

=P '(s) > P58

§eLtn(s)+E

-1 )
=V 27-(-5-27’1, P_l(S{GL:—I—T](S)—I—&J- ( Z~2>\]

2T 0

N o [ e # p@pni@) = LT = SNt 1
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© functions for Maximum Likelihood Decoding

D (M) D (e) i) = e™7eD (e) |)

s(e)=MJe mod 1

n(s) = (MJ)"'s returns to codespace... but have we applied logical operation?

Evaluate coset probabilities
P([n(s) +&7]|s ()Y Ps(n(s)+&+¢)

Ecl

=P '(s) > P58

§eLtn(s)+E

=

MLD:

\

n(s) + argmax P([n(s) +£7]|s)

EteLt/C

J

—1
=V 27-(-5-27’1, P_l(S{GL:—I—T](S)—I—&J- (

51

- qu% —

xel

deD

q = eiﬂ'z
> Nsd®
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© functions for Maximum Likelihood Decoding

D (M) D (e) i) = e™7eD (e) |)

s(e)=MJe mod 1

n(s) = (MJ)"'s returns to codespace... but have we applied logical operation?

Evaluate coset probabilitieS'
P([n(s) +&7]|s ()Y Ps(n(s)+&+¢)

Ecl

=P '(s) > P58

§eLtn(s)+E

g MLD: A
n =n(s) + argmax P([n(s) +&][s)
_ EteLt/C )

—1
=V 27-(-5-27’1, P_l(S{GK,—I—T](S)—I—&'J- (

2o

(

)

upshot:

© functions are ubiquitous in lattice theory, estimate those for approx MLD!

]|

N (p) x /d%we_a—?D(:c)pDT(a';)

xel

— Y e =

q = eiﬂ'z
> Nsd®

101
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Inspired by:  T. Gannon, Lattices and theta functions, PhD thesis (1991) (applied to string theories)
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New code construction: glued lattices

Inspired by:  T. Gannon, Lattices and theta functions, PhD thesis (1991) (applied to string theories)

Consider concatenated codes

Lecone = E

Generalize:

Bﬁloc 7 - SpanZG G C 69 ’C’IOC,j

n !
Replace 69 Eloc,j — Lo = 69 Eja

j=1

j=1

With G sympl. integral.
G Is known as glue group

choose G C f,(J)"
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Inspired by:  T. Gannon, Lattices and theta functions, PhD thesis (1991) (applied to string theories)

Consider concatenated codes

Leone = 69 Lioc,; +span; G, G C 69 EIOCJ

With G sympl. integral.

_ G Is known as glue group
Generalize:

n [
Replace 69 Eloc,j — [,() — 69 ﬁj, choose (G C ﬁé‘

Concatenated codes are special cases: are they optimal?
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New code construction: glued lattices

Inspired by:  T. Gannon, Lattices and theta functions, PhD thesis (1991) (applied to string theories)

Consider concatenated codes

Leone = 69 Lioc,; +span; G, G C 69 EIOCJ

With G sympl. integral.

_ G Is known as glue group
Generalize:

n [
Replace 69 Eloc,j — [,() — 69 ﬁj, choose (G C ﬁé‘

Concatenated codes are special cases: are they optimal?

Conjecture: distance computed similarly to concatenated codes (but strongly depends on G) 108
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New code construction: lattice tensor product

Inspired by:  T. Gannon, Lattices and theta functions, PhD thesis (1991)
S. Bravyi, M. B. Hastings, STOC (2014) (homological product codes)

Take: L1 = L(M;) C R? Lo = L(My) C R”

Symplectically integer with Go = Mo Mg integer

Define: £® — £(M1 @ MQ)

By construction: Ag = (M) @ Ms)Jon (M @ M)l = A1 ® Gy isinteger
n

1
Rate: kg = 5 log, |A1 ® G| = 5 log, |A1] + logs |Ga|
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New code construction: lattice tensor product

Inspired by:  T. Gannon, Lattices and theta functions, PhD thesis (1991)
S. Bravyi, M. B. Hastings, STOC (2014) (homological product codes)

Take: L1 = L(M;) C R? Lo = L(My) C R”

Symplectically integer with Go = Mo Mg integer

Define: £® — £(M1 @ MQ)

By construction: Ag = (M) @ Ms)Jon (M @ M)l = A1 ® Gy isinteger

1 n
Rate: kg = 5 log, |A1 ® G| = 5 log, |A1] + logs |Ga|

A A
Theorem: distance bound max { )\n(EZ)’ )\2(21) } < Ag < A1As
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Summary

Introduced bosonic codes and lattices

Lattice bases: link to experimental hardness, resource savings
Symplectically equivalent codes

Distance of a GKP code: upper- and lower- bounds from lattice properties
Distance completely specified by lattice distance distribution

Decoding formulated purely in terms of lattice quantities (© functions)
New codes (lattice tensor product, glued lattices)

Future perspectives

Lattice-based numerical techniques for practical decoding?
(® functions, Fourier series)
Better codes from classical lattice codes? (LDLC...)

Thank you! arXiv:2109.14645
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